We study the interaction of electromagnetic (EM) radiation with single-layer graphene and a stack of parallel graphene sheets at arbitrary angles of incidence. It is found that the behavior is qualitatively different for transverse magnetic (or p−polarized) and transverse electric (or s−polarized) waves. In particular, the absorbance of single-layer graphene attains minimum (maximum) for p (s) polarization, at the angle of total internal reflection when the light comes from a medium with a higher dielectric constant. In the case of equal dielectric constants of the media above and beneath graphene, for grazing incidence graphene is almost 100% transparent to p−polarized waves and acts as a tunable mirror for the s−polarization. These effects are enhanced for the stack of graphene sheets, so the system can work as a broad band polarizer. It is shown further that a periodic stack of graphene layers has the properties of an one-dimensional photonic crystal, with gaps (or stopbands) at certain frequencies. When an incident EM wave is reflected from this photonic crystal, the tunability of the graphene conductivity renders the possibility of controlling the gaps, and the structure can operate as a tunable spectral-selective mirror.
I. INTRODUCTION
Electromagnetic (EM) metamaterial engineering yields specific optical properties which do not exist in natural materials 1 . These properties include EM energy concentration in sub-wavelength regions and radiation guiding 2 , enhanced absorption 3 , reflection 4 and transmission 5 , colour filtering 6 , etc. An important and prominent example of metamaterials and their specific properties are photonic crystals (PCs) 67 , where the propagation of electromagnetic waves of certain frequencies, belonging to gaps (or stop-bands) in the spectrum, can be prohibited, or allowed in certain directions only 4 . Thus, the so called three-cylinder structure 7 was the first experimental realization of full photonic band gap, where the propagation of electromagnetic waves is not possible in any direction. The photonic band-gap structure of PC resembles and appears in full analogy with the electronic one in solidstate crystals.
In the metamaterial s engineering it is useful to implement some tools for adjusting their EM properties, thus achieving the tunability. Tunable metamaterials allow for continuous variation of their properties through a certain external influence (for review see, e.g. Refs. [8] [9] [10] ). Among the possible instruments to achieve the PC s dynamical tunability we can mention the optical beam intensity in a nonlinear material 11 , electric field in ferroelectrics 12 , applied voltage in liquid crystals 13, 14 , magnetic field in ferromagnets or ferrimagnets 12, 15 , and mechanical force for changing the PC period 16 . There are also possible tuning mechanisms in crystalline colloidal arrays of high refractive index particles 17 , magnetic fluids 18 or superconductors 19, 20 . The two-dimensional carbon material graphene possesses a number of unique and extraordinary properties, such as high charge carrier mobility, electronic energy spectrum without a gap between the conduction and valence bands, and frequency-independent absorption of EM radiation. The optical properties of graphene have been extensively studied both theoretically [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] and experimentally [35] [36] [37] [38] [39] [40] [41] [42] . Since the carrier concentration in graphene (and, hence, its frequency-dependent conductivity) can be effectively tuned in wide limits by applying an external gate voltage 42 , it is a perspective material for tunable photonic components. For example, in the area of plasmonics it is possible to make devices such as tunable graphene-based switch 43 , polarizer 44 , and polaritonic crystal 45 . Moreover, using two [46] [47] [48] [49] or more [50] [51] [52] [53] [54] [55] parallel sheets of graphene can result in an unusual optical response of the structure owing to the interaction of charge carriers in the different layers by means of EM waves. Alternatively, for the same purposes it is possible to use an array of graphene ribbons [56] [57] [58] , two- 59, 60 or three-dimensional 61, 62 arrays of graphene disks, or a two-dimensional array of antidots 63 .
The aim of the present work is twofold. On the one hand, in the studies considering the transmittance of radiation through graphene 31, 33, 35, 40 several authors analyzed only the case of normal incidence of the radiation on the graphene sheet. By restraining themselves to this particular case, these studies overlooked the unusual reflection and transmission properties taking place at oblique incidence. In this paper we discuss the transmission of EM radiation through a graphene sheet when the impinging beam makes an arbitrary angle, θ, with the normal to the interface. We will show that, at grazing incidence (i.e. for θ close to 90 o ) and when the graphene layer is cladded by two identical dielectrics, it behaves like a mirror for s-polarized waves and is almost transparent for p-polarized waves. (In contrast, if the dielectric constants of the media below and above the graphene sheet are different, the interface reflects almost totally both s-and p-polarised waves as it is usual at grazing incidence). Furthermore, for θ close to the total inter-nal reflection angle, a single sheet of monolayer graphene strongly absorbs s-polarized waves, while there is almost no p-polarized absorption in these conditions. On the other hand, we theoretically investigate the reflection of EM radiation, in the THz to far-infrared (FIR) range and for arbitrary θ, from a periodic stack of parallel graphene sheets which constitute a semi-infinite one-dimensional (1D) photonic crystal. As it will be shown, this PC is highly reflective within certain frequency intervals corresponding to the gaps in its spectrum, and the widths of these gaps can be tuned by varying the gate voltage giving the possibility to create a tunable mirror. Moreover, when the angle of incidence for a p-polarized wave exceeds that of total internal reflection, it is possible to excite a surface EM mode supported by the semi-infinite photonic crystal.
II. SINGLE-LAYER GRAPHENE
Let us first consider a single flat sheet of monolayer graphene located at the plane z = 0 (so, the z axis is perpendicular to it) and cladded by two semi-infinite dielectrics, a substrate with a dielectric permittivity ε 1 > 0 and a capping medium with ε 2 > 0, occupying the halfspaces z > 0 and z < 0, respectively [see Fig. 1(a) ]. If the EM field is uniform along the y direction (∂/∂y ≡ 0), it can be decomposed into two separate waves with different polarizations. Thus, a p-polarized (or TM) wave with the magnetic field perpendicular to the plane of incidence (xz), possesses the electromagnetic field components E = {E x , 0, E z } , H = {0, H y , 0}, while an spolarized (or TE) wave is described by electromagnetic field components E = {0, E y , 0} , H = {H x , 0, H z }, with the electric field perpendicular to the plane of incidence.
The temporal dependence of the fields is assumed of the form, E (j) , H (j) ∼ exp(−iωt), where ω is the angular frequency of the radiation and the superscripts j = 1, 2 correspond to the electromagnetic field in the substrate and the capping dielectric, respectively. Maxwell equations written explicitly for TE and TM waves in this particular situation can be found in several previous publications [43] [44] [45] 49 . We reckon that the EM wave falls on the interface z = 0 from the capping dielectric side. In this case the solution of the Maxwell equations for a p-polarized wave can be written as follows: where
κ = ω/c, c is the velocity of light in vacuum. At the same time, for an s-polarized wave we have:
In Eqs. (1)- (4) and (6) In order to find the transmittance and the reflectance of the structure we apply boundary conditions at z = 0, which include the continuity of the tangential component of the electric field, E (2) x (x, 0) = E (1) x (x, 0); E (2) y (x, 0) = E (1) y (x, 0), and the discontinuity of the tangential component of the magnetic field caused by the induced surface currents .
Since R and T are determined by the conductivity σ g [see Eqs. (10)-(13)], we briefly consider its frequency dependence. The frequency-dependent (optical) conductivity of graphene is a sum of two contributions: (i) a Drude term describing intra-band processes, and (ii) a term taking into account inter-band transitions. At zero temperature the optical conductivity has a simple analytical expression 21, 22, 25, 29, 30 . The inter-band contribution has the form σ I = σ I + iσ I , where
and
where σ 0 = πe 2 /(2h) is the so called universal conductivity of graphene. The Drude conductivity term is
where Γ is the inverse of the momentum relaxation time and E F > 0 is the Fermi level position with respect to the Dirac point. The total conductivity is
We can write σ g = σ 0 f (ω), where f (ω) is a dimensionless function. In Fig. 2 we depict the Drude and interband contributions to the total optical conductivity of graphene. It is evident that at low-frequencies (left panel in Fig.  2 ) the Drude term significantly exceeds the interband one (both real and imaginary parts), while in the highfrequency range (right panel in Fig. 2 ) the interband term dominates. Moreover, in the vicinity of the threshold frequency, ω = 2E F / , the real part of the conductivity increases drastically and achieves the universal value, σ 0 (onset of interband transitions), while the imaginary part is minimal, negative and of the order of several universal conductivities in modulus. As a result, at low frequencies the presence of graphene at the interface between two dielectrics influences significantly the reflectance and the transmittance of the structure. This effect, owing to the high value of the Drude conductivity, is clearly seen in Figs values. In fact, the transmittance and the reflectance are mainly determined by the real part of the conductivity, except when the imaginary part is large in modulus (at low frequencies and near ω = 2E F ).
At normal incidence (θ = 0), we have (for any polarization):
where α is the fine structure constant. For oblique incidence (θ = 0), the dependencies of the transmittance and the reflectance on ω are strongly affected by the relation between the dielectric permittivities of the substrate and the capping dielectric. Therefore, we considered all three possible situations:
In the "symmetric" case of ε 1 = ε 2 = ε, the transmittance and the reflectance can be expressed by simple formulae,
Note that the factor 4πσ 0 /c = πα multiplying the dimensionless function f (ω), which represents the frequency dependence of the graphene conductivity, is a small number (=0.023). Thus, unless the absolute value of f (ω) is large, the term related to graphene in Eqs. (10)- (13) and, accordingly, in the above expressions for T and R is small. Therefore, the reflectance and the transmittance of the structure are close to the values defined by usual Fresnel's expressions, except for ω → 0 and ω ≈ 2E F / . In particular, the reflectance is proportional to (πα) 2 . It should also be noticed that in Eqs. (18), (19) and (20)- (23) the effect of graphene is stronger for lower dielectric constants and is maximal for free standing graphene (ε 1,2 = 1). As θ increases [see Figs. 3(a), 3(b) and the insets], the transmittance T s decreases and attains zero for θ = π/2, while the reflectance R s increases and tends to unity at θ → π/2. In contrast, a p-polarized wave is "totally transmitted" at θ → π/2 (R p = 0, T p → 1). With the electric field perpendicular to the graphene sheet (TM wave), no charge oscillations are induced at the interface and the EM field is not perturbed. Also, the low-frequency absorbance at grazing incidence is a decreasing function of the angle for both pand s-polarized waves and the limit θ = π/2 corresponds to zero absorbance [see Fig. 4(a) ]. Note that the absorption is entirely related to graphene because the dielectrics are assumed dispersionless. The situation is different when the dielectric constants of the substrate and capping dielectric are not equal be-cause in this case there would be reflection even in the absence of graphene. Here, at grazing incidence the reflectance (transmittance) is close to unity(zero) for both polarizations [see Figs. 3(c)-3(f)], just like for a "normal" interface between two dielectrics (without graphene). In the case (ii), although the angular dependence of the lowfrequency absorbance [ Fig. 4(b) ] is qualitatively similar to the "symmetric" case (i), it is higher for TM waves [cf. Fig. 4(b) and Fig. 4(a) ], in contrast with the case (i). The particularity of the case (ii) (ε 1 > ε 2 , e.g. uncovered graphene on a substrate) is that the angular dependence of the TM-wave reflectance [see Fig. 3(d) ] possesses a minimum at a certain θ close to the Brewster angle for the two dielectrics considered, θ
Owing to the non-zero imaginary part of the graphene conductivity, the TM wave reflectance at this angle is finite, while it would reach zero in the case without graphene. Therefore we call this θ the "quasi -Brewster" angle, θ br . It depends upon the frequency and the Fermi energy of graphene; this dependence is depicted in Fig. 4(d) . At low frequencies, where the conductivity σ g is high owing to the Drude term, the quasi-Brewster angle of the structure exceeds the conventional Brewster angle θ In the case under consideration, the low-frequency absorbance [ Fig. 4(c) ] exhibits the most interesting behavior: in the vicinity of the total internal reflection angle the absorbance of the p−polarized wave is almost zero, while that of the s−polarized wave reaches its maximum of ≈ 75%.
III. GRAPHENE MULTILAYER PHOTONIC CRYSTAL
Now we shall consider an external EM wave falling on the periodic multilayer structure [see Fig. 1(b) ] consisting of an infinite number of parallel monolayer graphene sheets separated by dielectric slabs of thickness d; in practical terms few graphene layers play the same role as an infinite number of them 66 . The geometry of the problem is similar to considered in Sec.II, but with graphene layers (for which we shall assume the same Fermi energy) located at positions z = md, m ∈ [0, ∞). Thus, the considered structure is a semi-infinite 1D PC, terminated by the graphene layer at z = 0. We shall still consider a capping dielectric (with arbitrary real ε 2 ) on top of it.
In order to find the reflectance of this PC, we notice, that the structure of the electromagnetic field in the capping dielectric is the same, as represented by Eqs. (1), (3) and (6), (8) 
and E (1)
x (x, z) = −
Here H (m) ± are the amplitudes for forward (sign "+") or backward (sign "-") propagating TM waves. Correspondingly, E by matching boundary conditions at z = (m + 1)d on graphene (similar to that, used in Sec. II), namely:
Similarly, for s−polarization, Since the considered structure is periodic 68 , it is possible to use the Bloch theorem, which determines the proportionality between the field amplitudes in the adjacent periods through the Bloch wavevector q:
After substitution of these relations into Eqs. (28), (29) , the compatibility condition of the resulting linear equations requires:
whereÎ is the unity matrix. Equations (30, 31) yield the dispersion relations for p− and s−polarized EM waves in the graphene multilayer PC:
We note that similar expressions have been obtained in Ref.
52
Before considering the dispersion properties of p− and s−polarized waves in detail, it should be noticed, that dispersion curves depicted in Figs. 5 and 6 have been calculated for zero damping, Γ = 0, when the graphene conductivity possesses only the imaginary part. As a result, the eigenfrequencies, the in-plane component of the wavevector k x , and the Bloch wavevector q are real values. In the case of nonzero Γ the eigenfrequencies will be complex values with imaginary part characterizing the mode damping. The calculated spectra exhibit the band structure of a photonic crystal for both p− (Fig. 5 ) and s−polarized waves (Fig. 6 ). In particular, there are gaps in the spectra [see Figs 
(34) For q = 0 we have: S−polarized Bragg modes [solutions of (33) ] for q = π/d are exactly the same as (34) , but for q = 0 they are similar to (35) (except that n = 0). The modes with Bragg wavevectors, (34) and (35), have nodes at graphene layers and, therefore, these solutions do not involve the graphene conductivity, σ g . As a matter of fact, these solutions correspond to H At the same time, changing the graphene Fermi energy, E F , e.g. by varying an external gate voltage, it is possible to tune the width of the gaps, as it can be seen from Figs. 7(a) and 7(b) (for p and s polarizations, respectively). In particular, the gaps vanish when the Fermi level coincides with the Dirac point. At the same time, the waveguide modes defined by Eqs. (34) and (35) remain unchanged because of their above-mentioned independence upon the graphene conductivity.
In order to obtain the expression for the reflectance of an EM wave from the graphene multilayer stack, we notice that, by virtue of Eqs. (30) and (33), the amplitudes H where
, (37) and Bloch wavevector q for ρ p and ρ s is obtained from Eqs. (32) and (33), respectively. It should be pointed out that, if the graphene conductivity is complex, so is the Bloch wavevector in Eqs. (36) and (37) . Then, applying the above-mentioned boundary conditions at z = 0, one can obtain expressions for the amplitude of the reflected wave in the form:
Notice that, when ρ p = 0, Eq. (38) coincides with Eq. (10) for the single graphene layer structure. Similarly, when ρ s = 0, Eq. (39) turns into Eq. (12) .
An incident wave with ω and k x inside one of the allowed bands of the photonic crystal is (partially) transmitted into the structure. This effect is clearly seen in On the contrary, incident EM waves with ω and k x belonging to the gaps of the PC band structure induce evanescent waves (characterized by imaginary Bloch wavevector q, in contrast with the PC surface mode with real q and imaginary k 1,z ), and are nearly totally reflected from it. The graphene-multilayer PC reflectance is considerably higher than that of single-layer graphene heterostructure, and at certain frequencies can achieve unity [see panels (d),(e) and (f) in Figs. 8 and 9 ].
Perhaps the most interesting effects take place when ε 2 < ε 1 [panels (b) and (e) in Figs. 8 and 9 ]. As expected, in the vicinity of the Brewster angle of the interface without graphene (θ 0 br ≈ 63.124 o ), the s−polarization reflectance exceeds significantly that of p− polarized waves for all frequencies inside the band [compare dash-dotted lines in Figs. 8(e) and 9(e)], similar to the case of single graphene layer. However, it is not so for ω and k x inside the gaps. Here both polarizations exhibit an enhanced reflectance. Furthermore, we find some features specific for TM waves. As it has been shown in the previous section, the presence of graphene at the interface modifies the angle at which the reflectivity minimum in p−polarization occurs and this quasi-Brewster angle (θ br ) is frequency-dependent [see Fig. 4(d) ]. What happens to the minimum reflectivity angle, θ min , when the wave is reflected from the graphene multilayer PC instead of the single interface? The answer follows from Fig. 10 . When ω and k x belong to a band of allowed modes, θ min oscillates around the conventional Brewster angle (θ Fig. 8 (ε2 < ε1) . The dashed horizontal line depicts the conventional Brewster angle.
4(d)]
. The most striking feature in Fig. 10 is the divergence of θ min for the frequencies corresponding to the stop-bands of the photonic crystal (compare to the middle column of Fig. 8 ).
The particularity of the situation ε 2 > ε 1 [see panels (c) and (f) in Figs. 8 and 9] is the possibility to excite the p−polarized surface mode. If the angle of incidence is below the critical one (θ c ≈ 35 o ), the excitation of bulk PC modes takes place, while for θ > θ c , only the surface mode can be excited, as it can be seen by the low-frequency minima in the reflectivity spectra [see Figs. 8(c) and 8(f)]. A similar spectral shape has been observed experimentally in Ref. 54 . One can say that the interface between the PC and the capping dielectric acts as an attenuated total internal reflection structure for single graphene layer, described in Ref. 43 . It should be emphasized that the origin of the low-frequency minimum observed for s−polarized waves [Figs. 9(c) and 9(f)] is completely different. The former is a photonic crystal effect, while the latter exists also in the single-layer case [see Fig. 3(f) ] and is unrelated to any PC surface mode.
The possibility to change gap widths in the graphene multilayer PC spectrum by changing the Fermi level of graphene layers [see Fig.7 ] has an important consequence, the reflectance of the PC can be dynamically varied through the electrostatic gating, by changing the voltage applied to the graphene layers. This effect is depicted in Figs. 11(a) and 11(b) for p− and s−polarized waves, respectively. It can be used to design a tunable mirror. One has to choose the frequency of the incident wave inside one of the allowed bands, for a low Fermi energy, and inside the gap for a large E F . Then the reflectance of the structure can be varied in a broad range, as shown in Fig. 11(c) . The dependence R (E F ) can be made even more abrupt using graphene layers with a smaller damping parameter Γ.
All the above results have been obtained for an infinite periodic stack of graphene layers. In reality, of course, PCs consist of a finite number (N ) of layers. How does the value of N affect the mode eigenfrequencies and the frequency dependence of the reflectance? As known from the band theory of crystalline solids, the eigenmode spec- (33) hold with a very high precision. For relatively small values of N , say, N ∼ 10, the eigenmode band structure is washed away although the density of states retains a qualitative similarity with the case of N → ∞. The "stop-bands" are broadened and correspond to the maximum reflectivity well below the unity [see Fig. 12(b) ], however, the latter increases rapidly with the number of layers, as known for periodically stratified media 64 . Already for N = 20, the reflectance for s−polarized waves is very similar to that for infinite PC [compare dashed and thin solid lines in Fig. 12(b) ]. Fig. 12(a) shows the finite size effect on the frequency dependence of reflectance related to the surface mode for p polarization. No qualitative difference between the cases of N = 5 and N → ∞ is seen [compare thick solid and dashed lines in Fig. 12(a) ], which can be understood by the low dispersion of the surface-type PC mode with respect to the Bloch wavevector [see Fig. 5(b) ]. This mode is, in fact, a Bloch-type surface plasmon-polariton (SPP) excitation induced by the incident wave when the attenuated total reflection conditions are met 49 . The flatness of the ω(q) dependence for this PC surface mode originates from the small overlap of the amplitudes of the SPP excitations in the different graphene layers.
IV. CONCLUSIONS
In conclusion, there are several interesting effects related to the optical properties of graphene, which are revealed at oblique incidence. Some of them are expected already for a single graphene layer or just few of them. Under total internal reflection conditions at an interface between two dielectrics, the presence of graphene leads to EM energy absorption only for s−polarized waves. The absorbance attains its maximum exactly at the critical angle of incidence for s polarization (and the maximum value is higher when the graphene conductivity is large), while it vanishes for p polarization [ Fig. 4(c) ]. The minimum reflectance of p−polarized waves occurs at a (frequency dependent) quasi-Brewster angle that can differ by several degrees from the conventional Brewster angle for the same pair of dielectrics. Close to grazing incidence, graphene (when dielectric constants of substrate and capping layer are equal) is fully transparent to p−polarized waves and behaves like a mirror for s polarization. This effect can be used for polarization-selective guidance of EM radiation. We have shown that a periodic stack of equally spaced parallel layers of graphene has the properties of a 1D photonic crystal, with narrow stop-bands that are nearly periodic in frequency. The PC properties are revealed also at oblique incidence. In particular, the stop-bands correspond to singularities of the minimum p−polarized reflection angle calculated as the function of frequency, which is an effect of potential interest for optical switching. We investigated the finite PC size effect and found that about 20 periods are sufficient to get the properties very close to those of the infinite PC. Finally, we should stress the possibility of tuning of the gaps' (stop-bands') width by changing the graphene conductivity via electrostatic gating, that would allow for dynamical variation of the reflectance at specific selected frequencies.
